Trace Norm is Less than
the Sum of Column (or Row) Lengths
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The trace norm, || X||g, of a matrix is the sum of its singular values. It can
also be defined as the dual to the spectral norm [1],

X|s = tr(YTX 1
1 X]= yﬁﬁ?‘ﬁf{gl r( )s (1)

where ||Y|| is the spectral norm (maximum singular value) and tr(-) denotes
the trace. Note that the maximum can always be achieved by a matrix Y with
orthonormal rows or columns. Since tr(Y 7 X) = tr(X7Y), it must be that the
trace of a matrix is less than or equal to its column or row lengths,
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Using this result, we can use the singular value decomposition of a matrix to
bound the contribution to the trace norm of a matrix update. Let X € R™*"™
be a matrix with singular value decomposition X = UXV7T. Let z € R**" be a

row vector. Let X = [ ):1:( ] be the updated matrix. Note that we can choose

U with unit columns and diagonal matri;? so that XV = UX. Since the trace
norm is unitarily invariant, || X|[s = ||[UX||s. Applying the above result, we
have that the trace norm of the updated matrix is less than the trace of X,
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