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Abstract

In [1], Edelman gives the volume of the Stiefel manifold, Vol(Vm,n).
We show that this is equal to the product of unit sphere surface areas.

The Stiefel manifold is the set of Q ∈ Rn×m such that QTQ = Im [1]. The
surface area of the n-sphere of radius 1 is

An =
2πn/2

Γ
(
n
2

) . (1)

Edelman gives the volume of the Stiefel manifold as

Vol(Vn,m) =
2mπnm/2

Γm(n/2)
, (2)

where Γm(a) = πm(m−1)/4
∏m

i=1 Γ
[
a− i−1

2

]
. Substituting, we get

Vol(Vn,m) =
2mπ

m
2 (n−(m−1)/2)∏m

i=1 Γ(n/2− i−1
2 )

. (3)

Consider the following product of surface areas:

n∏
i=n−m+1

Ai =

n∏
i=n−m+1

2πi/2

Γ
(
i
2

) =
2mπ

m
4 (2n−m+1)∏m

i=1 Γ( 1
2 (n− i+ 1))

. (4)

The last term is obviously equivalent to the right side of equation 3. Hence, the
volume of the Stiefel manifold is a product of radius 1 n-sphere surface areas.
Thanks to John Barnett for making this observation.
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∗Thanks to Henry Schütze for some minor corrections.
†Updated June 27, 2012.
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